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Abstract

Fluidelastic instability is the main mechanism that causes severe damages in flow-induced vibration. Experiments show
that grid-generated turbulence can affect the stability of the system, which is modeled as an Ornstein—Uhlenbeck process.
The dynamic stability of a four-dimensional system under real noise excitation is studied through the determination of the
p th moment Lyapunov exponent and the Lyapunov exponent. The partial differential eigenvalue equation governing the
moment Lyapunov exponent is established. For small noise amplitudes, a method of regular perturbation is used to
determine analytical expansions of the moment Lyapunov exponents and Lyapunov exponents, which are shown to be in
good agreement with those obtained using numerical approaches. The analytical method is applied to study the stability of
a cylinder in a shear flow, where fluidelastic instability is known to occur. The results demonstrate that the unstable system
can be stabilized under certain conditions and the effect of stabilization is proportional to the turbulence intensity, which
agrees with experimental observations.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Three mechanisms are usually considered to be responsible for flow-induced vibration and/or instability of a
cylinder in a cross-flow; they are vortex-induced lock-in resonance, fluidelastic instability, and turbulence-induced
buffeting. According to Naudascher and Rockwell [1], these three mechanisms represent three general sources of
excitation: the (flow) instability-induced excitation (IIE), the movement-induced excitation (MIE), and the
extraneously excited excitation (EIE), respectively. The total flow-induced force can then be expressed as

F=Fy+Fy+Fr, )]

where the subscripts ¥, M, and T represent vortex-induced, motion-dependent, and turbulence-induced buffeting
forces, respectively. When the cylinder is rigid and fixed, its behavior becomes stationary even though there is a
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cross-flow. In this case, the total flow-induced force becomes
Fo=Fyo+ Fro. 2)

The three mechanisms may co-exist in any flow-induced vibration problem. When that happens, the dynamic
behavior of the fluid—structure system becomes very complex. The tasks of a theoretical modeling study are to
formulate the problem in a general way, to simplify the formulation by identifying key mechanism(s), and
to demonstrate the main features for specific cases through dynamic analyses. In the present study, a single
circular cylinder in a shear flow with free-stream turbulence is considered. The aim of the investigation is to
identify the mechanisms that contribute to fluid—structure instability and to analyze the effect of free-stream
turbulence in detail.

For a single circular cylinder in a uniform flow, the main mechanism of unstable motion is considered to be
vortex-induced lock-in resonance [2,3]. In a recent modeling study, Zhu et al. [4] showed that this lock-in
resonance is accompanied by a parametric instability due to the fluid-damping force. On the other hand, Yu
et al. [5] showed that a single cylinder can undergo fluidelastic instability if the approach flow is not uniform,
e.g., a shear flow. Such instability occurs at very large values of reduced velocity (U, > 100), where the vortex-
induced force has no appreciable influence on cylinder vibration. The main mechanism responsible for this
type of instability can be attributed to changes in the mean lift and mean drag force relative to cylinder
motion. Fluidelastic instability may also occur when the single cylinder is in the wake of another cylinder [6],
or in cylinder arrays [7,8]. The motion-dependent fluid force, in the form of fluid-damping force and/or fluid-
stiffness force, is responsible for fluidelastic instability in these cases.

Since fluidelastic instability can occur under different circumstances, its suppression is thus of importance to
a variety of engineering applications. In practical engineering problems, the flow is most likely turbulent.
According to So and Savkar [9], under certain flow conditions, free-stream turbulence can act to substantially
increase the fluctuating vortex-induced forces on a rigid cylinder. Their measurements were carried out on
rigid cylinders. The increased fluctuating forces can, in turn, influence the fluidelastic instability of the
fluid—structure system. Romberg and Popp [10] presented some interesting stability results from experiments
carried out on flow-induced vibrations of a flexibly mounted cylinder within an array of fixed cylinders. They
considered both fluidelastic instability and turbulent buffeting, and showed that large galloping motion can be
stabilized by grid-generated turbulence. In one of their experiments, Romberg and Popp [10] considered a
cylinder with very small structural damping. The total damping measured in the flow direction is high, and the
cylinder undergoes a galloping motion in the cross-flow (lift) direction at a certain reduced velocity U, .
Turbulence occurs in cylinder bundles due to upstream cylinder bundles acting as turbulence generators.
Additional turbulence was generated in this experiment by placing a turbulence grid at a specified distance in
front of the flexibly mounted cylinder. It was observed that as the upstream turbulence was increased in the
flow, a significant stabilization took place and the galloping instability did not occur for reduced velocity
values substantially higher than U, .. The experiment also showed that turbulence intensity is a significant
factor influencing stability. Similar effects were observed in the experiments of a parallel triangular tube
bundle performed by Rottmann and Popp [11].

The stabilizing effect of turbulence has also been reported in the literature for bridge structures under
turbulent winds (e.g. Ref. [12]). An intuitive explanation has been given which states that turbulence may help
to transfer energy from the least stable mode to the more stable modes. Therefore, coupled modes have to be
considered in the stability analysis. In the study of stochastic dynamical systems, stabilizing a system by noise
is an important topic (e.g. Refs. [13,14]). For linear systems it is found that stabilization by white noise is
possible if and only if the trace of the system matrix, i.e. the sum of the eigenvalues, is negative. Pandey and
Ariaratnam [15] analyzed the stability of wind-induced torsional motion of slender bridges under stochastic
wind turbulence. They used a periodic excitation with random phase modulation to model turbulence in the
wind velocity. They found that turbulence has a small stabilizing effect on the bridge stability, although an
increase in the bandwidth of the excitation process does tend to stabilize the bridge motion. Rzentkowski
and Lever [16] used a nonlinear model to study turbulence effect on fluidelastic instability in tube arrays and
found that turbulence ecither reduces or has negligible effect on the stability boundary depending on the
vibration pattern.
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Poirel and Price [17] also found that turbulence could lower the speed of flutter of a two-dimensional airfoil.
They used the Dryden model to represent longitudinal turbulence. The stability boundary was determined by
obtaining the largest Lyapunov exponent via Monte Carlo simulation. Namachchivaya and Vedula [1§]
theoretically proved that a four-dimensional system could be stabilized by real noise. They used a second-order
filter to model the noise and examined the moment stability and sample stability of the system by obtaining the
moment Lyapunov exponent and Lyapunov exponent. However, they did not validate the analytical results by
comparing with numerical results obtained by Monte Carlo simulation. The noise is very narrow-banded,
which seems to be unrealistic for practical turbulence. For more information, Ibrahim [19] gave a detailed
review about the noise effects, including stabilization by multiplicative noise and noise-enhanced stability
(NES), noise-induced transition, and stochastic resonance, on the stability of dynamical systems.

In the present study, the model developed in the previous study [4] is extended to take the effects of shear
flow and free-stream turbulence into account. A general nonlinear model is first proposed, then reduced to a
linear one for dynamic analysis of a single spring-supported cylinder in a turbulent shear flow at large U,
values. Thus, the fluidelastic instability of the cylinder is studied, and the suppression of such instability by
free-stream turbulence in the approach flow is demonstrated through a stability analysis. The stochastic
stability of structures is introduced in Section 2.

Since grid-generated turbulence is nearly stationary and Gaussian, the fluctuating velocity in this type of
turbulent flow is modeled as an Ornstein—Uhlenbeck process. An analytical model developed by Zhu et al. [4]
is extended to represent the vortex-induced force on the cylinder in the case of shear flow. Finally, the
randomized equations of motion are obtained by substituting the expressions for the random velocity into the
original deterministic equations of motion, as is described in Section 3.

In Section 4, the dynamic stability of a four-dimensional system under real noise excitation is studied
through the determination of the p th moment Lyapunov exponent and the Lyapunov exponent. The partial
differential eigenvalue equation governing the moment Lyapunov exponent is established. For small noise
amplitudes, a method of regular perturbation is applied to determine analytical expansions of the moment
Lyapunov exponents and Lyapunov exponents. In this way, both the sample stability and moment stability
are studied.

In Section 5, the stability of the deterministic system is studied by varying the critical parameter (natural
frequency ratio k). The analytical results obtained in Section 4 are used to explore the stochastic stability
of a cylinder in a shear flow. It is shown that fluidelastic instability can be stabilized by turbulence under
certain conditions. Parametric studies are performed to demonstrate the significant effects of noise parameters
o and ¢ on the stability of the cylinder. Analytical results and numerical simulations are compared to validate
the approach.

2. Dynamic stability of structures

The equation of motion for many flow-induced vibration problems is of the general form

q"(t) + [2¢0f + eonl(D)]g'(v) + 3g(0) + f14. ', el (D)] = O, )

where the prime denotes differentiation with respect to the time variable 7, ¢ is the generalized coordinate, f is
the damping constant, wy is the circular natural frequency, ¢ is a small fluctuation parameter, f[gq, ¢, &0{(t)] is
a nonlinear function, and {(7) is a stochastic process that describes the random nature of the flow.

It is natural to ask how the parametric random fluctuation {(t) can influence the dynamic stability of system
(3). The dynamical stability of the trivial solution of system (3) is governed by the stability of the trivial
solution of the linearized equation

4" (1) + 260 + eoul(D]g (1) + wiq(1) = 0. )

The sample or almost-sure stability of the trivial solution of system (4) is determined by the Lyapunov
exponent, which characterizes the average exponential rate of growth of the solutions of system (4) for large ©
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and is defined as

1
fq = lim —log lq(D)]], (5)

where q(7) = {¢(r),¢'(x)}" and |lq|| = (qTq)"/? is the Euclidean norm. If the largest Lyapunov exponent is
negative, the trivial solution of system (4) is stable with probability 1; otherwise, it is almost surely unstable.

On the other hand, the stability of the p th moment E[||q||”] of the solution of system (4) is governed by the p
th moment Lyapunov exponent defined by

1
Aqo(p) = lim —logE[llq|”], (6)

where E[-] denotes the expected value. If A,)(p) is negative, then the p th moment is stable; otherwise, it is
unstable. The relationship between the sample stability and the moment stability was formulated by Arnold
[20]. The p th moment Lyapunov exponent A, (p) is a convex analytic function in p that passes through the
origin and the slope at the origin is equal to the largest Lyapunov exponent /), i.€.

gt = lim 0@
=0 p

The moment Lyapunov exponents are important in obtaining a complete picture of the dynamic stability of
the trivial solution of system (4). Suppose the largest Lyapunov exponent /) is negative, implying that the
trivial solution of system (4) is sample stable. However, the p th moment typically grows exponentially for
large enough p, implying that the p th moment of the trivial solution is unstable. The latter can be explained by
large deviation. While there is the solution of the system ||q|| — 0 as 1 — oo with probability one at an
exponential rate A, there is also small probability that ||q| is large, which makes the expected value E[||q||”]
of this rare event large for large enough values of p. This leads to the p th moment instability.

A systematic study of moment Lyapunov exponents is presented by Arnold et al. [21] for linear It6 systems
and by Arnold et al. [22] for linear stochastic systems under real noise excitations. The theory and techniques
of studying the stability of stochastic systems can be found in Xie [23].

(7

3. Modeling of a spring-supported cylinder in shear flow
3.1. Deterministic modeling

Consider an elastically supported rigid cylinder in a cross-flow. The approach flow is assumed to be a linear
shear flow and two-dimensional. The equations of motion of the cylinder can be written as

X

J(0) + 2L, X(1) + 03x(1) = r M([) , (8a)
Y

50 + 260,50 + o2y = 0, (8b)

where x(7) and y(¢) are cylinder displacements in the stream-wise and the cross-flow directions, respectively,
o,y 1s the natural frequency, (; is the structural damping coefficient, and M is the mass per unit length of the
cylinder. In Egs. (8a), (8b), F¥(¢) and FY () are flow-induced forces per unit length acting on the cylinder in
the stream-wise and the cross-flow directions, respectively. For the present case, flow-induced forces may be
divided into two components: one arising from vortex shedding, and the other due to the feedback effect of
cylinder motion. Hence, they can be written as

FY(t) = Fy(t) + FY,(0),

FY(t) = FJ(t) + F (1),

where the subscripts “J”” and “M” represent “vortex-induced” and “motion-dependent”, respectively.
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When the cylinder is stationary, the motion-dependent fluid forces, F},(¢) and F},(¢), are absent, and only
vortex-induced forces are applied to the cylinder. These are denoted as FAI;“(I) and F ,Ifo(t) in order to
differentiate them from their counterparts when the cylinder is in motion. Once the cylinder is vibrating under
the action of vortex-induced forces, its motion can alter the vortex shedding behavior, thus changing vortex-
induced forces not only in their magnitudes but also in their dominant frequencies. In addition to vortex-
induced excitation, fluid flow will also affect the dynamics of the cylinder in the form of added mass, fluid
damping, etc. They are all included in the motion-dependent forces, F},(f) and F},(1), in the present
formulation.

In general, both vortex-induced and motion-dependent forces are unsteady, and their amplitudes are
nonlinearly dependent on a number of parameters, such as the Reynolds number, the reduced velocity,
structural damping, etc. Their exact expressions are thus complex and difficult to determine. In order for a
theoretical analysis to be carried out, approximate modeling is necessary.

3.2. Modeling of motion-dependent forces

Cylinder vibration induces fluid forces, such as the added mass and the fluid damping force. In the present
study, they are approximated as the linear combination

P _ e [a @ |[¥] e [a @[5, e[ @[ ©)
Fl; e | B I A | ) I AR I

where ¢, ¢4, and ¢ are the added mass, the fluid damping, and the fluid-stiffness coefficients, respectively. In
general, the added mass is considered to be equal to the mass of fluid displaced by the vibrating cylinder. As a
first approximation, the fluid damping force is assumed to be proportional to the velocity of cylinder
vibration. The fluid-stiffness term only affects the natural frequency of the fluid—structure system.

Instantaneous position
of the vibrating cylinder

/ Initial position
of the cylinder

Fig. 1. Illustration of the flow-induced forces. (a) A cylinder subjected to a shear flow; (b) drag and lift forces acting on the vibrating
cylinder.
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3.3. Modeling of vortex-induced forces

The model developed by Zhu et al. [4] is extended to represent vortex-induced forces acting on a vibrating
cylinder in shear flow. The basic idea of this model is illustrated in Fig. 1. According to the model, when the
velocity of cylinder vibration is small compared with the flow velocity, it is assumed that the unsteady vortex-
induced forces acting on the vibrating cylinder are equal to the vortex-induced forces acting on a similar
stationary cylinder, but with the direction of the approach flow changed by the velocity of cylinder vibration.
For a stationary cylinder, the vortex-induced forces are also stationary and can be represented by the bounded
noise processes. Vortex-induced forces can be thus expressed as

FY(t) = Cy,(1) - cos 0(2) + C}, (1) - sin 0(1), (10a)

FJ(1)= C},(1) - cos 0(t) — Cy, (1) - sin 0(2), (10b)

where C)Iﬁo(t) and C 50(0 are the drag and lift forces acting on the stationary cylinder, 0 is the angle between the
x-axis and the instantaneous velocity vector of cylinder vibration given by
Y
0(r) = tan~! ——.
(=t 7%
In a shear flow, the force coefficients can be expanded in terms of displacements (assumed to be small) of the
cylinder about its original position (0, 0), i.e.,

! 0CH(0,0,7)  dCpH(0,0,1
CAI;U(t)ZszzD[CD(O,O,I)-i‘ D( s Vs )X+ D( s Vs )y:|’

ox oy

1 0C(0,0,1 0C(0,0,1
C)l;o(t)zszzD[CL(O,Oat)‘f' « )x+ 2l )y],

ox oy

where V' is the relative velocity. The local velocity is also a function of the coordinate y only, i.e.,
U = Uy + Gy, where G is the shear gradient; therefore, the derivatives with respect to x are zero in the above
expressions, i.e., 0Cp/0x = 0C/0x = 0. When the cylinder velocity is much smaller than the flow velocity,
i.e., X(1)< U and y(1) < U, the relative velocity can be approximated as

VA1) = (Ug+ Gy — x)* + 37 ~ Uﬁ(l + 2GyU_ x).
0

Indeed, Egs. (8)—(10) represent a nonlinear force evolution process. From Egs. (8a), (8b), it can be seen that
vortex-induced forces excite the cylinder as a component of flow-induced forces and, in turn, the cylinder
response modifies vortex-induced forces according to Eqgs. (10a), (10b). This interaction keeps evolving until a
dynamic steady state is reached. In general, the final vortex-induced forces are nonlinear [24]. If the approach
flow has a constant shear and turbulent, as considered in the present study, the resulting equations of motion
become very complicated. As a first attempt, a linear approximation is made in the present study for small
amplitude vibration, i.e.,

| () 30
0(t) = A=,

W= s o =P Us

cos 00 = Uo+Gy—i()

VIUo+ Gy —x(0F + 372()
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Substituting the above approximate expressions into Eqs. (10a), (10b), the vortex forces can be written as

1 oC Gy — x '
FfzipU§D<cD+ ayDy+2 yoncDJr%ocL), (11a)

1 oC, Gy — x ¥
FY=_pUD(C 2 C,—=—Cp). 11b
V 2[) 0 < L+ ay y+ UO L UO D ( )

3.4. Modeling of grid-generated turbulence

Free-stream turbulence is considered as a disturbance to the approach flow velocity. This disturbance, in
turn, affects the fluid forces applied to the cylinder. Due to the random nature of turbulence, statistical
methods are commonly used to describe its behavior. Grid-generated turbulence is approximately stationary,
homogeneous, and isotropic (see, e.g., Ref. [25]), and can therefore be modeled by a stochastic process. To
simplify the problem, only the turbulence in the stream direction is considered.

For the case of one-dimensional flow, the flow velocity can be written as the sum of the mean value U and
the fluctuating part U

Ut)=U0+U= U+,

where 7(7) is a random process of mean zero. Experiments (see, ¢.g., Ref. [25]) have shown that the space
correlation function f(r) has the form

J(r)=f(0)exp[—r/Ly],
where r is the distance between two correlated points in the x-direction, and L is the integral length scale. If
the field of fluctuating velocity is superimposed on a mean flow of velocity U in the x-direction, and if the
turbulence is small compared with the mean flow, the turbulence can be thought of being convected by the
mean velocity U without evolution, which is known as Taylor’s hypothesis. Thus, it is possible to interchange
time and space variables. The correlation function in time is related to the correlation function in space by
replacing the time t by /U, i.e.

(U0U(t+ 1) = R(r) = f(zV), (12)
where R(7) is the correlation function in time. Hence, the corresponding time correlation function is given by
R(1) = f(zU) = R(0) exp[—|t|U/Ly]. (13)

Since R(0) = f(0) = 02 = (Uz(t)) (o, is the root-mean-square of the turbulent velocity fluctuations), the time
correlation function (13) at some fixed point in the flow field can be described by

R(t) = o3 exp[—|t| U/L,]. (14)
Based on experimental observations of grid-generated turbulence, the fluctuating velocity U can be modeled as
an Ornstein—Uhlenbeck process (see, e.g., Ref. [26]). An Ornstein—Uhlenbeck process #(¢) is defined by the
one-dimensional It6 stochastic differential equation
dn(1) = —an()dr +odW (1), n(to) = 1o,

where o and ¢ are constants. The probability density function f(y,?) is described by the Fokker—Planck
equation

of _ O | d(fn)

=Lt

or 2 on? on
If the initial condition 7, is normal with mean 0 and variance ¢°/(2%), i.e., 7,~N(0, a*/(22)), then n(?) is a
stationary Gaussian process with mean zero, E[5#(¢)] = 0, and the correlation function is given by

(15)

2
R() = El() (e + ) = 3¢, (16)
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An Ornstein—Uhlenbeck process is a simple, Gaussian, explicitly representable stationary process that is often
used to model a realizable noise process. As a result, it is also referred to as a real noise process. A limitation of
an Ornstein—Uhlenbeck process is that #(¢) is nowhere differentiable, which is unrealistic in most cases. For
further details, refer to the book by Pope [26]. Comparing the correlation function of the grid-generated
turbulence (Eq. (14)) with that of an Ornstein—Uhlenbeck process (Eq. (16)), one obtains

20 U
o= L—xO'x, OCZL—X.

For the following perturbation analysis, let

n(t) = aod(2),

where g is a small parameter. By following Ito’s formula, one can obtain the governing stochastic differential
equation for £(z), i.e.

dé(r) = —ad(dr + 0. dW (D), &(to) = &os

where oz = /0.
3.5. Randomizing equations of motion

Since the fluctuating velocity is small compared to the mean velocity U = Uy, one has the following
approximation:

2
Ut = Ug(l +(‘j—‘;5(t)) ~ U(1 4 2u(1)),

where u = 0o/ U is the noise intensity. By replacing the deterministic velocity Uy with the turbulent velocity
U = Uy(1 + ué(f)) and substituting the above approximate expression for U? into Egs. (11a), (11b), one
obtains

Fyp = %pUﬁD[l + 2pé(0)] (CD + %y) + %onD[l + uE(N2(Gy — %)Cp + yCy, (17a)
;1 oc. \ 1 , .
Fly = 3003001+ 200 Co+ S Ey ) 4 30U0D + pEOIAGY = DCL = 3Col. (1Th)

where the subscript “7”° means that the turbulence effect on the vortex-induced force is included. Similarly,
the randomized motion-dependent force is given by

X B B ) R Xy .
Far | prp? [en 6] [X] pUR 4 2] 4 0| [
F! B 4 |y o % ) ar ;i
MT m m Y 0 d d y

U2[1 4 2ué(t w o] [ 18

Substituting Eqgs. (17) and (18) into Eq. (8), one can obtain the equations of motion for a cylinder in a
turbulent shear flow, which includes the vortex-induced force, the motion-dependent force, and turbulence.
When the effects of free-stream turbulence and shear flow are removed, this general model is reduced to the
model of Zhu et al. [4] for a cylinder in a uniform cross-flow. Zhu et al. [4] showed that parametric resonance
could occur as a result of an interaction between the x- and y-direction motion in the lock-in range. Both the
motion-dependent force and vortex shedding play a significant role in the vibration.

Yu et al. [5] found experimentally that fluidelastic instability could occur at high reduced velocity (U, > 100)
from Re = 8 to 120. At this range of high U,, the experimental results of Chen et al. [30] showed that the
motion-dependent damping and stiffness forces approached zero for a single cylinder in a cross-flow, and can
be neglected. Using these findings, the model considered here reduces to that of Yu et al. [5].
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Nondimensionalizing the equations of motion with respect to Uy and D, and applying the time scaling
T = wyt, the equations of motion become

, Ur(1 4+ pé()Co] ., Ur(1 4+ 2pé(x))0Cp | Ur(1 + 2ué(1))KCp
X +[2C+ M, ]X+X_[ 2M, oY M, Y
U1+ pé(@)Cyr ,, U1+ 2uE(1)Cp
M Y = 20, , (19a)
y U1+ pé@)Co) v, | 2, Ur(l+2pé()8CL  UR(1 + 2pé(1)KCy
Y +k[2é+—2Mr }Y+k 1 . ov i Y
kU1 +2pE@)Cr , _ KU1 +20E(0)C
+ 7 X' = T , (19b)
where
M= k9P g o Yol Xyt
pD Uy wxD Wy D D

At this range of Reynolds number, the shedding frequency varies slightly between 0.13 and 0.2 [27], which is
far removed from the natural frequencies of the cylinder. In addition, the mass ratio of the cylinder considered
here is quite large (M, = 5112). Hence, the forced vibration due to vortex shedding is negligible. Furthermore,
additive noise does not affect the stability of the system [19]. For the analysis of fluidelastic instability, one can
neglect the force terms in the right-hand-side of Eqgs. (19a), (19b), yielding, in the “‘state-space” form,

7/ = AZ + ué(v)BZ, (20)
where Z=[X,Y, X', Y],
0 0 1 0 1
0 0 0 1
N U?0Cp U*KCp U,Cp U,Cr
A=|-1 —| 20+
2M, Y M, M, 2M, ’
U?oC;, U’KC kU,C U,C
12 _ r L . r L N r“L . r“D
0 -k (1 QMY M, ) M, k(2C+ 2M,>
[0 0 0 0
0 0 0 0
. U?0Cp U?KCp UucCp UCy
B=1(0 2 +
2M, Y M, M, 2M,
0 o K U?Cy, +k2 U’KC; kU.C.  kU.Cp
M, 0Y M, M, 2M,

If there is no turbulence in the approach flow, the stability of Eq. (20) is determined by the eigenvalues of the
system matrix A. If the real part of an eigenvalue is positive, the system is unstable. When upstream turbulence
is significant, the stability of Eq. (20) depends on A, B, and the characteristics of the noise term (7). Thus a
stochastic method (Section 4) has to be utilized in order to explore the stability of the system.

4. Moment Lyapunov exponent

Consider a linear stochastic system governed by the following equations of motion:

X = AX + e£(1)BX, X e R, 1)
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where ¢ is a small parameter. Assume that system (21) has one critical mode and one stable mode. Let x = TX,
where the matrix of transformation T is constructed from the eigenvectors of A. Specifically, if the eigenvalues
consist of two complex-conjugate pairs A;, = —&28; 1w, and Aza = —02 £1m,, and if the eigenvectors
associated with the eigenvalues are Vg +:Vy; and Vyg +1Vy, respectively, T can be chosen as
T = [Vir V17 Var V2;]. The transformation then yields

X = Ax + e£(/)Bx, x e R,

where
—&25, o 0 0 Ky Kip My Mip
A —w, —&%5; 0 0 B Ky Ky My My
o 0 0 -0 w |’ ~|Nu N Ly Lp |’
0 0 —wy —0s Ny Ny Ly Ln

€201 and J, represent the real parts of the eigenvalues corresponding to the critical mode and stable mode,
respectively, w; and w, are modal frequencies, and the matrix B is determined by B = TBT~'. Applying the
transformation

x; = e’ cos¢,cosl, x3=-¢e’cosdp,sinb,
X, = —efsin¢g,cosl, x4=—e’sine,sino,
one can obtain the following set of equations for the amplitude p, phase variables (¢, ¢,, 0) and noise process ¢:

2 2
p=2 Fa(h. 02,0, 0= si(d1, 0,0,
=0

Jj=0

2
b= dhy(¢), $.0.8), d&=—atdr+adW(r).
j=0

In the above expressions, the phase angles ¢, and ¢, are in (0, 27), 0 is in (0, 7/2), expressions for the coefficients
q;> sj» and h;; are given in Appendix A, and o and ¢ are defined as in the previous section.

Since the processes (¢, ¢, 0, &) do not depend on p, the processes (¢, P,, 0, &) form a diffusive Markov
process and the associated generator is given by

L(p) = Lo(p) + £L1(p) + £ La(p),

where
o* & 0 & 0 )
Qo:76—62—Oféa_é'F;wiaT’si‘f‘SO(ﬁb]:(pZ:esé)@a
Uy =S1(¢1,¢z,9,f)g+zz:hn(%,(l—')zsaf)ia
00" £ 30,
02 = 52 b 0.9+ S a0,
00" & 30,

Arnold et al. [21,22] have shown that A(p) is an isolated simple eigenvalue of L(p) with nonnegative
eigenfunction , i.e.

L(p}y = A(p)y for all real p, (22)
where

L(p) = Lo(p) + eLi(p) + &* La(p)
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and

Lo(p) = Lo +pqy. Li(p) =21 +pq, Lap)= L2+ pq,.

A method of regular perturbation is applied to obtain a weak noise expansion of the moment Lyapunov
exponent. Consider an expansion of the moment Lyapunov exponent in powers of &:

A(p) = Ao(p) + eA1(p) + £ A2(p) + 0().
Substituting the above expansions into Eq. (22), one obtains the following equations:

(Lo(p) — Ao(p))Wo = 0, (23)
(Lo(p) — Ao = A1y — Li(p)Yy, (24)
(Lo(p) — Ao(p)Wr2 = (P + Ai(pWry — La(p)ro — Li(pYy, (25)

4.1. Zeroth-order perturbation

From the definition of A(p), A¢(p) = 0 for all possible p. Thus, Eq. (23) reduces to
(Lo +pgo¥o = 0.
Using the method of separation of variables, one can easily obtain
Yoy, ¢2,0,8) = Y(0) = (cos 0. (26)

The solution to the associated adjoint equation of Eq. (23) is

«_ Z5(Edo
¥o= 4n2

where 6y is the Dirac delta function at 0, and Zj({) is the stationary probability density of the
Ornstein—Uhlenbeck process £(7). Details of the zeroth-order perturbation are given in Appendix B

4.2. First-order perturbation

Substituting the above expression for ,(0) into Eq. (24) results in

d
Loty = 5161920, 20 4 [41(2) — pay (1. 2.0, D1, @)

From the Fredholm Alternative, for Eq. (27) to have a nontrivial solution it is required that
<—S1‘//6 + [41(p) — pqi W, ¥5) = 0,
ie.
/ * ] *
Al(p) = (Sll//O +pqllp03 lPO) = @ (59((1)19 ¢25 0)5 Zo(é)é(ﬂ = 09 (28)
where ((+), (-+)) is the inner product defined by

n/2 p+oo  p2n p2n
() = /O / /0 [ dbydpazan,

9(¢1. $2,0) = p(cos 0 {Kn sin® ¢, + K1y cos” ¢y — {(K 12 + Ka1) sin 26,
+ $tan O[M1(cos ¢* + cos ¢ ™) — Mxn(cos ™ —cos ™)
— M5(sing™ —sing™) — My (sing™ + sin¢p )]},
in which ¢* = ¢, £ ¢,.
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The equality in Eq. (28) results from the fact that ¢, and s; are periodic in ¢, and ¢, (see Appendix A), and
£ is a zero mean process. Hence, Eq. (27) reduces to

Loy = —C9(¢1, $2,0). (29)

Eq. (29) can be solved by applying Duhamel’s Principle and making use of the solution of the Fokker—Planck
equation (15). For more details, refer to Zhu et al. [28]. Thus, the solution to Eq. (29) is given by

102,00 = = pteosoy { K (G0 - 1) — K (6200 + 1) = (K + Ko HC)
Ftan BM (G) + G — Ml G($) — 69 )
=M@ = H ) = M (HG) + H PO

where the functions G(-) and H(-) are defined in Appendix C.

4.3. Second-order perturbation

The equation for the second-order perturbation is
Loy, = [A2(p) — Lolo — L1y (30)

From the Fredholm Alternative, for Eq. (30) to have a nontrivial solution it is required that
([A2(p) — Lolyo — Liypy, ¥5) = 0,

i.e.

Aax(p) = (Lo + Liy, ¥5)
0

d d 3 )
= <<S2%+P02> Yo + (81@4- hiy 6751+ ha 67524_10%)%’ l1”0>-

After performing the integration, one obtains

Ay(p) = [—801 + (2F o + 163F | + K4 F> + ks5F3 + K6F4)]§+ <K2F0 +2Zl) ?—Z, (31)
where
k1= (K +K»n), x2=(Kia+K2n) + (K11 — Kn),

k3 =N+ Na)(My1 — M) — (N1 — Noa)(M 12 + May),

k4 = (N2 + Na)(M12 + May) + (N1p — Noo)(M 11 — M),

ks = (N1 + No)(Miz — May) + (N2 — Na)(M 11 + M),

Ko = (N1 + No2)(M11 + M) — (N2 — Na)(M iz — M)
and

52
Fo :oc2+4a)%’
> (w1 + wy) 0*(82 + )

— , Fr= s
o(0r+ o) + (@1 + )] (62 +2) + (@1 + ©2)]

oX(w1 — ) o(d2 + %)

= , Fy= .
o(0r+ o) + (@1 — )] (S +2) + (@1 — )]
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The maximal Lyapunov exponent can be calculated by Eq. (7) as
A= 82[—51 + %(KQF() 4+ K3F | + k4 F3 + ksF3 + k6F4)]. (32)

From the above expressions, k| and k; are always positive. k3, k4, K5, and kg can take on a positive or a
negative value depending on the values of the elements of matrix B. Similarly, the parameters Fy, F, F,, and
F,4 are always positive, while the parameter F3 can take on a positive or a negative value depending on the
difference between frequencies. From Eq. (32), one can see that the stabilization is possible if the total
contribution of turbulence is negative. If only x-direction motion is considered, Egs. (31) and (32) reduce to
equations in kj, k2, and Fy only. Since they are all positive, the one degree-of-freedom system cannot be
stabilized, which agrees with the results of Xie [29]. Since all F; (i =0, 1,...,4) include the term ¢ /«, which
represents the noise intensity, increasing the noise intensity can assist either the stabilization or the
destabilization effect of noise.

5. Study of stabilization
5.1. Deterministic system

Uniform flow: As presented in Section 3, the model will reduce to that of Zhu et al. [4] in the lock-in range
when the flow is uniform and laminar

U.Cp Ujc) Y4y = UCy

Y+ |2 .
T 2M, M, 2M,

In the lock-in range, it can be shown that the vibration of the cylinder can be attributed to main resonance
arising from the lock-in forcing, to parametric instability due to time-variant fluid damping, and to constant-
fluid-damping-induced instability. The critical parameters are the motion-dependent damping coefficient and
the bandwidth of vortex shedding. At high reduced velocities (U,>20), the motion-dependent force
coefficients approach zero and can be neglected [30]. Furthermore, the vortex shedding frequency is far
removed from the natural frequency of the cylinder, which eliminates the forced vibration due to vortex
shedding. Hence, the system is expected to be stable.

Shear flow: At high reduced velocities, motion-dependent forces are assumed to be negligible. The equations
of motion are thus reduced to those of Yu et al. [5]

, U,Cp\ ., U? dCp = U?KCp uc,,, U?
X"+ <2C+Tr>X + X - (ZMr oY + M, Y — oM, Y _ZM,,CD’ (333)

oM, oM, 0Y M, M, X oM, Cr. (335)

v +k<2€+ U,,CD> ¥ +k2(1 Ut oc UfKCL> y . KUCL KU
The equations of motion (33a), (33b) have a similar form to those for wake galloping. As such, the derivative
0C./0X is a critical parameter that determines instability [31]. The lift coefficient C; and its derivative
0C./0Y are also expected to play a significant role in the stability of a cylinder in a shear flow.

For a cylinder in a shear flow, the drag and lift coefficients, Cp and C;, respectively, are functions of the
Reynolds number and the dimensionless shear parameter K. Since U = U, + Gy is a function of y only, the
derivatives of Cp and Cy with respect to x are zero. The derivatives of Cp and C with respect to y can be

evaluated as

9Cp 9CpdRe  3CpaK G
dy ORe dy 0K oy’
9C, 9CL0Re  3CLOK

—=— — . 34b
oy ORe 0y 0K 0y (34b)
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After normalization, Eqs. (34a), (34b) can be written as

GCD_GCD aCD 2
oY ~ are K -3 K (352)
6CL_6CL aCL 2
3y —ore ek K- (355)

If extensive data of Cp(Re, K) and Cy(Re, K) are known, their derivatives with respect to Y can be calculated
by Egs. (35a), (35D).

In order to demonstrate the fluidelastic instability of the system described by Egs. (33a), (33b), consider an
example with the parameters Re = 100, M, = 5112, and { = 0.007. At this Reynolds number, data on the
variation of the drag and lift coefficients with Re and K are available from Lei et al. [32], and one finds

B aCp oCp

Cp=1486, —2=-032, =2 =—0.0016,
B oc, oC,

CL=—-0126, —F=—-10, —==0.0005.

The stability depends on the eigenvalues of the system matrix A. If the real parts of the eigenvalues are
negative, the system is stable. When the reduced velocity increases to a critical value, the largest real part of the
eigenvalues become positive, i.e., the cylinder becomes unstable. Increasing the shear parameter also tends to
destabilize the cylinder. For example, the critical velocity for k = 1.0 is U, = 256 at K = 0.1 and decreases to
about U, =112 at K =0.2. The stability boundary for a cylinder with M, = 5112 is determined
experimentally by Yu et al. [5] as approximately U, K /2n = 5, which yields U, ., = 865 at K = 0.1. Clearly,
the results presented here do not agree quantitatively with the stability boundary obtained by Yu et al. [5]. The
discrepancies can be attributed to the fact that the Reynolds number was changed from 8§ to 120 in the
experiments of Yu et al. [S] while the present results are obtained at Re = 100. The lift and drag force
coefficients depend on the Reynolds number in this range. On the other hand, the effects of U, and K on the
stability are qualitatively the same as the experimental observations. Both sets of results show that increasing
U, or K can destabilize the cylinder. Similarly both sets of results indicate that increasing M, or decreasing
either U, or K weakens the effect of Cy, and thus makes the system more stable.

Similar to the case of galloping, the fluidelastic instability of a cylinder in a shear flow turns out to be
sensitive to the ratio of natural frequencies in the two coordinate directions. Small changes of frequency can
significantly shift the critical velocity (see Fig. 2(a)). The minimum critical velocity occurs at about k = 0.95,
and the critical velocity increases rapidly with larger detuning in the frequencies. Note that this phenomenon is
also observed in the flutter of a two-dimensional linear airfoil by Poirel and Price [17].

5.2. Stochastic system

Uniform flow: The effect of free-stream turbulence in a uniform approach flow has been studied recently by
So et al. [33]. It was shown that the effect of free-stream turbulence in the case of a single cylinder in a cross-
flow is to increase the amplitude of cylinder vibration in the U, range of 1.45-12.08. This is due to an increase
in the vortex-induced force in the U, range of 1.45-7.25, and an increase in the fluid damping force in the U,
range of 8.21-12.08. However, no unstable motion was observed. When U, is increased to very large values, as
occurred in the present study, it is expected that the cylinder will remain stable.

Shear flow: When grid-generated turbulence is added to the flow, the governing equations of the cylinder
(Egs. (19a), (19b)) are random differential equations. The Lyapunov exponent and moment Lyapunov
exponent of the system can be determined using the analytical method developed in Section 4. The critical
reduced velocity for the deterministic and stochastic systems are obtained and are shown in Fig. 2. From
Fig. 2(a), one can see that turbulence can shift the critical reduced velocity to a higher value and thus stabilize
the system. Fig. 2(b) gives the stabilized percentage ry, . of the critical reduced velocity and also shows that the
stabilization effect becomes smaller when o increases from 0.3 to 0.6. For each value of o, u varies with o from
1.0 to /2 in such a way that the turbulence intensity remains fixed, where the formula for turbulence intensity
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Fig. 2. Turbulence effects for different frequency ratio k with fixed 7. (a) The critical reduced velocity U,; (b) the stabilized percentage
1y, of the critical reduced velocity.

is given by

T, = % (36)

Since « is related to the integral length L, this result implies that L, is a key parameter for stabilization. The
effect of u on the stability is shown in Fig. 3. When p increases, the critical reduced velocity at which the
Lyapunov exponent is zero is shifted to a higher value. Since « is fixed and o is chosen to be 0.5 for all cases,
this means that higher turbulence intensity can achieve a better stabilization effect.

It is also found that the stabilization effect of turbulence is sensitive to the ratio of frequencies k, as shown in
Fig. 2. Comparison of the critical velocities for different cases (k = 0.85—1.15) in Fig. 2 shows that the
stabilization effect is more significant with larger detuning in frequencies. When there is no detuning (k = 1),
turbulence increases the critical reduced velocity slightly from U, =256 to 261. When k increases or
decreases from 1, the differences in the critical reduced velocity increase significantly. For example, for k = 0.9
and p = 0.6, the critical reduced velocity increases from U, = 243 for uniform flow to U, =283 -
for turbulent flow with u = 0.6. To illustrate the influence of k, two cases (k = 1 and 0.9) are considered here.
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Fig. 4. Lyapunov exponent for k = 1.0 and U, = 280.

For a cylinder in a shear flow with &k = 1.0 and U, = 280, the system matrices A and B are given by

0.00215  0.97696 0 0
—0.97696 0.00215 0 0
- 0 0 —0.07719  1.06005 |’
0 0 —1.06005 —0.07719

—0.00610 —0.01270 —0.05120  0.00657
0.04164  0.05830 —0.01271  0.08690
0.04965  0.05741 —0.16954  0.15978
—0.01000 —0.01749 —0.04129 —0.00474
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The Lyapunov exponents can be calculated from Eq. (32) for different values of o and u as shown in Fig. 4. It
can be seen that Lyapunov exponents are decreased slightly when « is decreased or u is increased. However,
this stabilization effect is quite small and is not enough to stabilize the system. This is due to the weak
interaction between the two modes, which can be seen from matrix B. The elements M; and N;; in the upper
right submatrix and lower left submatrix are relatively small. Thus, the sum of the product of x;, and F;

(i=0,1,...,4) in Eq. (32) is small and the largest Lyapunov exponent remains positive.
When k£ = 0.9 and U, = 260, the system matrices A and B are given by
0.00267  0.91588 0 0
—0.91588 0.00267 0 0
- 0 0 —007076 1.01278 |’
0 0 —1.01278 —0.07076

0.07601 0.02414  0.06375 —0.01045
0.01608  0.00607 —0.02520 —0.00767
—0.31696 —0.10233 —0.19893  0.05301
—0.05759 —0.01817 —0.05297 0.00725

These two cases have similar matrix A. However, N, and N, in matrix B are relatively large compared to
those for k = 1, which means that stronger interactions between two modes exist when the difference of
frequencies increases. Thus, energy can be transmitted from the critical mode to the stable mode via
turbulence, which results in stabilization. Rottmann and Popp [11] also reported the experimental observation
that the rocking mode of vibration switched from stable to unstable at high turbulence intensities in a fully
flexible bundle while the translational mode was stabilized. This partially proved the energy transfer between
two coupling modes.

The Lyapunov exponents for k£ = 0.9 is shown in Fig. 5. The stabilization effect increases with a decrease of
o or an increase of noise intensity p. The same conclusion can also be drawn from moment Lyapunov
exponents shown in Figs. 6 and 7. It can be seen that the slope at p = 0 for ¢ = 0.1 is positive, which means
that the system is unstable. When u increases, the slope at p = 0 becomes negative and the system becomes
stable. Furthermore, the moment Lyapunov exponents are negative between p = 0 and 0.8 for u = 1 as shown
in Fig. 6, which demonstrates the moment stability of the system. From these figures, it is found that the
system is stabilized in the sense of both sample stability and moment stability.

The Lyapunov exponents and moment Lyapunov exponents can also be obtained by Monte Carlo
simulation (see, e.g., Ref. [23]). In the simulation, the system (Eqs. (19)) can be discretized using a Euler

0.003 \ T T T T T T T T
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0.001

0.000

Lyapunov exponent

-0.003
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-0-004 7 Solid Line: Perturbation

Solid Line plus symbols: Monte Carlo Simulation

-0.005 T T T T T T T T
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

o

Fig. 5. Lyapunov exponent for k = 0.9 and U, = 260.
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Fig. 6. Moment Lyapunov exponent for o = 0.3, k = 0.9, and U, = 260.
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Fig. 7. Moment Lyapunov exponent for o = 0.2, k = 0.9, and U, = 260.

scheme with a time step Az = 107°. Five thousand sample paths are simulated to calculate the moment
Lyapunov exponents. As shown in Figs. 5-7, the numerical results agree well with the analytical results for
larger values of a. One exception is Fig. 4 which shows significant discrepancies even when o is large. This is
because all the elements of matrix B are small compared to the value of u, which negatively impacts the
accuracy of the perturbation method. For all cases shown in Fig. 4, the discrepancy increases with decreasing
values of a. Figs. 6 and 7 also show that the perturbation results are better with relatively large values of a. The
power spectrum of real noise is more narrow-banded for the smaller values of «. The discrepancy can be
explained by the fact that one assumption for using perturbation method is that the noise is wide-banded.
Numerical results show that turbulence can destabilize the system when «<0.1. One possible explanation is
that the destabilization is due to parametric resonance. When « is small, the energy of the real noise is located
in the lower frequency range. Since the difference between w; and w; is small, parametric resonance
corresponding to a combination difference type could occur [17].

As mentioned in Section 4, the stabilization effect is more significant with decreasing « or increasing p.
Thus, the stabilization effect is proportional to the turbulence intensity, which agrees with the experimental
observations of Rottmann and Popp [11]. Experiments by Romberg and Popp [10] show that stabilization can
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be observed when turbulence intensity 7, is larger than 13%. In the present study, stabilization occurs at
T, =6.5% (u=0.1and o = 0.3) (see Fig. 3). However, the effect of turbulence on the fluid force coefficients is
not taken into account in the present study. This is due to the lack of relevant experimental data for a cylinder
in a shear flow. In reality, the coefficients can be influenced by the turbulence intensity and the Reynolds
number [9,34]. Further experimental investigation on the effect of turbulence will be conducted in the future.

6. Conclusions

In this paper, the effect of real noise on the stability of a parametrically excited four-dimensional system is
considered. The dynamic stability of the system is studied by determining the moment Lyapunov exponents
and the Lyapunov exponents. For weak noise excitations, a regular perturbation method is employed to
obtain second-order expansions of the moment Lyapunov exponents. The Lyapunov exponent is then
obtained using the relationship between the moment Lyapunov exponent and the Lyapunov exponent. This
analytical method is applied to a circular cylinder in a shear flow, which is subjected to fluidelastic instability.

The analysis demonstrates that the cylinder can be stabilized by the real noise in the sense of both sample
stability and moment stability when proper parameters are selected. It is found that the stabilization is
sensitive to the frequency ratio k. A larger detuning can result in a better stabilization effect due to stronger
coupling between the two modes. Furthermore, the stabilization effect is proportional to the turbulence
intensity, which agrees with the experimental observations. The accuracy of the approximate analytical results
is determined by comparing them with numerical simulations.
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Appendix A. Transformation for polar coordinates

The transformation yields the following coefficients:

G015 P, 0,8) = —32sin* 0, qy(y, 2, 0, &) = —3; cos? 0,

q1(Py, 2,0, &) = [§sin 20[(M 11 4+ N11)(cos ¢™ + cos ¢™) — (M + Ny)(cos ™ — cos ™)
— (M3 + Nip)(sin g™ +sin¢p™) — (M 13 + Nap)(sin g™ — sin ¢ 7)]
+ sin® O[L; cos” ¢, 4 Loy sin’ ¢ — WLz + Lyy)sin2¢,)]
+ cos? O[K 1 cos® ¢, + Koy sin® ¢, — (K12 + Kap)sin 2, ]]E(7),

h]()((,b], ¢27 07 é) = i, hl2(¢la ¢27 0) é) = 0’

hi(ey, d,,0,6) = [Kiasin® ¢ — Ko cos® ¢ — YKy — Kao)sin 2¢,
—Stan O[M5 (cos ¢* + cos ¢7) + Ma(cos ™ —cos ™)
+ M (sin ¢ 4 sin ™) — Ma(sin ¢ — sin ¢ 7)]JE(2),

h20(¢17 ¢27 67 5) = wy, h22(¢l’ ¢27 97 é) == Oa

hai(y, b5, 0, ) = [Liasin® ¢y — Loy cos” ¢, — L1y — L) sin2¢,
— $cot 0[N, (cos ¢™ + cos ™) + Nip(cos ¢t — cos ™)
— Ny(sing™ +sind™) + Ny (sin ¢t — sin ¢7)]IE(2),
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SO((/)ID ¢27 69 6) = _%52 Sin 293 SZ((]’)]) (/)29 99 6) = %51 Sin 203

s1(1, 2, 0,8) = [} sin20[2L1 cos® ¢, + 2o, sin® ¢, — (L12 + Lay) sin 2¢,
—2K; cos® ¢, — 2K sin® ¢, + (K12 + K21)sin2¢,]
—Lsin® O[M1(cos ¢t + cosp™) — Ma(cos pt — cos ™)
— M5(sing™ —sin¢g™) — My (singp™ + sin¢p7)]
+Lcos? O[N11(cos p* + cos ™) — Nax(cos ¢ — cos ™)
— Nip(sin ™ 4 sin ™) — Nai(sin ¢™ — sin p7)IE().

Appendix B. Zeroth-order perturbation

For zeroth-order perturbation, one has a deterministic system
p=—0sin*0, 0=-15,sin20, ¢, =y (B.1)
Solving Eq. (B.1), one obtains
t o
o= —52/ sin® 0(s) ds + po, 0 =tan"!(Ope ), (B.2)
0

where p, and 0y are two constants which can be determined by the initial conditions. Since the zero-order
system is deterministic, it follows from the definition of A(p),

o1
Ao(p) = tlgrolo;l’ log [|x(; xo) |l = pZo, (B.3)
where ||x|| = ¢” and
1 t
70 = 1im ?D = — s, 1im L [ sin0(s) ds
t—oo [ =00t Jy

1 /' tan?0(s)

— —5lim- [ AU

2,1 l/o 1 + tan? 0(s) g

t 2 —208
Y T A

T . dS = 0
t—>oo f 0 1 + 906—2623‘

Thus, Ag(p) = 0 for all possible p. Eq. (23) reduces to
(Lo +pgo)y =0,
where

* O

0 0 0 1. . 0
2, :76_52_a§_+wl_+w2——§525m20—.

o¢ 0o, 0, o0
Applying the method of separation of variables and letting ¥, = F(0)Zo(E)H 1(¢p,)H2(¢h,) results in

H
F::al’ (B4a)
H/2
— B.4b
Hz aj, ( )
2z Zy 1. . _F .
%?3 el =5 ousin 207 — porsin® 0 = —(ar + aa). (B.4c)
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Solving equation for Hi(¢,) yields H(¢,) = Ae“? . For H(¢,) to be a periodic function, it is required
that a; =0 and hence H(¢;) can be chosen as 1. Similarly, ¢, =0 and H(¢,) = 1. Hence, Eq. (B.4c)
reduces to

0'2 Z() ZO

Lo el B.

> Ze ol Zo = (B.5a)
1 F
502sin 297" + pdysin®0 = a. (B.5b)

Eq. (B.5a) is an eigenvalue problem with the eigenvalues given by a = 0, —a, —20,... (see, e.g., Ref. [35]).
However, the left-hand-side of Eq. (B.5b) goes to 0 since 0 approaches 0 when ¢ — oco. Thus, the constant ¢ in
Eqgs. (45a), (45b) should be be taken as 0. The equation for Zy(&) becomes

16°Zy — 0éZy =0, (B.6)
which can be easily solved to yield

zo(@:c]/exp( £)de+ €1, —co<é<on.

For Zy(¢) to be bounded, it is required that C; = 0 and hence Zy(£) can be taken as 1.
The equation for F(0) becomes

dF

W= (—ptan0)F.
The solution to this equation is F(0) = (cos 0)?. Therefore
Ao(p) =0, Yo, 2,0, 8) = thy(6) = (cos ). (B.7)
Since A¢(p) = 0, the associated adjoint differential equation of Eq. (23) is
ee OOV v o ov: 1 ow;
LOII’():??ZO-‘F éa€°+ v — aTs? a¢0+ d25in 203 0 + (950820 — pdysin® )P = 0.

(B.8)

Applying the method of separation of variables and letting Yi(¢;, ¢,,0,¢&) = F*(O)Z5(EOHT () H5(d5)
leads to

(H7)y,
—L =) B.9
IR 1> (B.9a)
(H3),,
— %) B.9b
= b (B.9b)
2 F*
5 gﬁ + CZO +o+= 52 sin 20( )9 + (05 0820 — pdssin® 0) = —(by + by). (B.9¢)

The equation for H7 yields Hi(¢,) = Be "% For H’(¢,) to be a periodic function, b; = 0 and H}(¢;) can be
taken as

. 1
Hi(¢)) = Gt 0<¢, <2m.
Similarly, one has

1
H’(¢,) =50 0<¢,<2m.
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The above equations show that ¢, and ¢, are uniformly distributed between 0 and 2z. Hence, Eq. (B.9¢) is
reduced to

a2 Z0 Z()
= b, B.1
ZZ*+ CZO+oc (B.10a)
——52 sin 20( )” — (820820 — pdysin® 0) = b. (B.10b)

Based on the same reasoning as mentioned above, b should be taken as 0.
The equation for Zj; becomes

1627, + 0l Zy 4+ aZ§ = 0, (B.11)

which is the Fokker—Planck equation for the stationary transition probability density of the Ornstein—
Uhlenbeck process &£(¢) as defined in Eq. (B.11). Eq. (B.11) may be written as

d dZO 200, .\
d_£<€ _CZ)‘O

or
dZz; 20(
df

Since the stationary probability density Zj(£) and the probability current vanishes when & — oo,
the constant of integration C3 = 0. Eq. (B.11") can be easily solved to give

Zi(& = Crexp(-5&).

Since Z(&) is the stationary probability density, normalizing it yields

1 2
70 = —s—ex (— 2;) (B.12)

i.e. the Ornstein—Uhlenbeck process £(7) is a normally distributed random variable with mean u; = 0 and
standard deviation 0. = o¢/+/20.
The equation for F*(6) becomes

éZ* = probability current. (B.11)

%

1 dF
—sm 20 a0

Since 6 = 0 is a stable equilibrium point of system (B.1), by following Pardoux and Wihstutz [36] the solution
can be chosen as

= (cos 20 — psin® O)F*. (B.13)

F(6) = o,

where 0 is the Dirac delta function at 0.
Hence, the solution to Eq. (B.8) is obtained as

« _ Zp(9do
=0

Appendix C. Expressions in first-order perturbation

The following functions are used to express the solution to Eq. (28):

2w sin2¢; — ocos2¢,
o2 + 4w?

GQ2¢y) =
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2w cos2¢; + osin 2¢;
o2 + 4w?

HQ$)) = — :
[(@1 £ @2)sin(¢p™) — (62 + ) cos(¢p™)]

E
¢ = (02 4+ 0)* + (w1 £ w2)?

>

(w1 £ ) cos(¢p™) + (02 + ) sin(¢p™)]
(02 4+ 0)* + (w1 £ w2)’

H(¢*) =
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